Abstract-This paper introduces a method to control structural sound radiation using multiple structural sensors. Tonal radiation from a vibrating arbitrary structure is considered in this paper. Based on the estimation of the vibration profile of a noise radiating structure, spatial signals that represents radiated pressure field can be generated. These spatial signals can also be spatially weighted to control radiated noise at some far-field regions more than at others. Numerical studies on a simply-supported plate were performed which demonstrate the ability of the proposed method to control sound radiation that is spatially weighted over certain regions in the far-field.
I. INTRODUCTION
It is well known that a vibrating structure can radiate sound. Much research has been concentrated on attempting to control sound radiated from structures such as in [1] , [2] , [3] , [4] , in which structural sensors are used in some works. Meirovitch et al [5] , [6] proposed the use of modal filtering to obtain information about the system's modal amplitudes from structural sensor measurements. Other works such as in [7] , [3] used vibration information from multiple structural sensors for sound radiation control.
In some cases, it might be desirable to control sound radiation at specific regions/directions, allowing the control effort to be concentrated for control at those regions only. A spatially weighted objective can be used to target specific regions that are of importance, where sound pressure reduction is desired. Some researchers have proposed spatial control methods based on optimal control frameworks [8] , [9] , [10] . Spatially weighted objectives were incorporated in control design to target certain regions in spatially distributed systems, such as certain spatial regions in vibrating structures. However, the spatial control methods rely on the availability of the system's dynamic model, which might not be easy to obtain in practice.
Therefore, this work is devoted to the development of a spatial control strategy for structural sound radiation control. The proposed strategy can be used without apriori information of the structure's dynamics by using velocity measurements from multiple structural sensors. Although other works in structural vibration control ( [5] , [6] , [11] , [12] , for instance) also utilised spatial interpolations, the previous works still require some apriori structural information such as modal or structural properties. Furthermore, a spatially weighted objective can be incorporated by employing a continuous spatial weighting that specifies the desired regions/directions for sound radiation reduction. Spatial interpolations based on the information from structural velocity sensors are used to estimate the velocity profile of a vibrating structure. This velocity profile measurements is then exploited to estimate the sound radiated from the structure for control purposes.
II. SENSING OF STRUCTURAL SOUND RADIATON
This section discusses the use of multiple structural velocity sensors to estimate the structural velocity profile that consequently relates to the noise radiated from a vibrating structure. In this case, the apriori information about the dynamics of the structure is not required, except for the geometric configuration of sensors on the structure.
A. Vibration velocity sensing
The velocity profile of a structure is estimated via a spatial interpolation method, incorporating the information from structural sensors [15] . The interpolation method resembles the finite element method commonly used for numerical analysis of structural dynamics, such as in [13] , [14] , [5] .
Consider an arbitrary structure shown in Fig. 1 , where N structural velocity sensors are attached to the structure. The i th sensor measures normal velocity v i at a particular structural location (x i , y i ). Each sensor can be considered as a 'node' that will be used to construct 'elements' over the structure to estimate the structural vibration profile. To capture the entire structural vibration profile, additional nodes near the structural boundaries are also needed. In many cases, the level of vibration (velocity) at the boundaries will be practically minimal, so it is not necessary to place additional sensors at these regions. Instead, 'temporary' nodes are added to help construct the overall vibration profile of the structure. These 'temporary' nodes will be removed at a later stage of the sound radiation sensing process since the vibration levels at those nodes are minimal.
Suppose there are N velocity sensors and N o 'temporary' nodes at structural boundaries. Then M elements can be constructed from N +N o nodes over the structure. Next, consider the m th element, whose local coordinates are (x (m) , y (m) ) as shown in Fig. 1 . In this case, the velocity level v 
. The velocity profile of the structure can then be estimated by [15] 
Linear or higher-order polynomial interpolation functions commonly used in finite element method [13] , [14] can be used for this interpolation purpose. This velocity profile measurement will be crucial in estimating the sound radiated from the structure as explained in the following.
B. Sound radiation sensing
Consider a planar structure, vibrating at frequency ω o , that radiates sound as depicted in Fig. 1 . The sound pressure at a point of interest p(r), a distance r away from the coordinate system's origin, can be estimated by the Rayleigh integral [16] :
where v is the normal surface velocity, S is the radiating surface of the structure, ρ o is the density of acoustic medium, and R p is the distance from each structural point to the point of interest. Also, k is the wave number, i.e. k = 2π/λ where λ is the wave-length of the radiated sound. In this work, the far-field sound radiation case is considered, a situation many practical sound radiation problem can be approximated by. Here, the far-field assumption [16] is used where R p is much larger than the dimensions of the structure. Thus, R p in term e −jkRp in (2) is approximated by R p ≈ r − x sin θ cos φ − y sin θ sin φ, while R p in the denominator is approximated by r. Based on the spherical coordinate system in Fig. 1 , the sound pressure at far-field can be expressed as:
The structural surface velocity v can now be estimated by the surface velocity profile from sensor measurements v xy (1). The sound pressure can be found by considering the contributions of all M elements:
}v (4) where
and (x
o ) is the origin's location for the m th element.
C. Spatially weighted cost function
Having estimated the sound pressure from the structure, the objective in this work is to control sound radiation in some far-field regions of interest. In this case, a spatially weighted cost function is used which allows a spatial filtering to be used for active control purposes.
Consider the case where some far-field regions (θ, φ) have more importance than others. A scalar continuous spatial weighting q(θ, φ) is introduced where q(θ, φ) ≥ 0 ∀ θ ∈ [0, π/2] and φ ∈ [0, 2π]. The following cost function is used:
where (F ) H is the Hermitian transpose of a matrix F . Substituting (4) into J p in (6), the following can be obtained:
where
The integral term in (7) can be solved numerically and it can be shown that P is Hermitian. Furthermore, the integrand in (7) is generally positive semi-definite for every (θ, φ) combination where θ ∈ [0, π/2] and φ ∈ [0, 2π]. However, since the term is integrated over the entire (θ, φ) region, it can be shown that P is positive definite in general. At this stage, since it is known that the vibration level is minimal at N o 'temporary' nodes, P can be condensed by removing the appropriate rows and columns that correspond to the associated nodes, reducing the dimensions of P from N + N o to N .
D. Spatial filter matrix Π
Next, P in (7) can be decomposed as follows:
where V is a diagonal matrix containing positive real valued eigenvalues because P > 0. Furthermore, U is a unitary matrix (UU H = I) containing the associated eigenvectors. Matrix Π is calculated from
Thus, the cost function J p in (7) can be simply written as:
where v noise = Πv are the spatial signals that represent the spatially weighted noise radiation cost function in the far-field. The significance of this representation is that the spatial signals v noise can be used as error signals for active control purposes as will be explained later in this section. Since the estimate of sound radiation is based on velocity profile measurements from a finite number of structural sensors, it is obvious that a sufficient number of sensors are required for accurate sound radiation estimation in the far-field. However, the larger the number of sensors used, the greater would be the dimensions of the spatial signals v noise that are used as the error signals. Consequently, the active control algorithm would be computationally more demanding, which may not be practical since large multichannel control inputs are required. Therefore, it is desirable to reduce the number of spatial signals so the number of inputs into the controller can also be reduced for practical implementation.
Based on the information about the eigenvalues of Π in (9), the relative importance of each eigenmode can be compared. Choosing the N l largest eigenvalues, the spatial filter matrix can be estimated by:
where λ i and u i are the i th largest eigenvalue and the associated eigenvector respectively; N l < N and N is the number of sensors used. Fig. 2 illustrates the use of spatial filtering for sound radiation control. The velocity measurements from the sensors are filtered byΠ to produce condensed spatial signals v noise . These spatial signals serve as the error signals that can be minimised by various standard active control algorithms such as adaptive algorithms [17] . Control actuators are then used to generate forces to control structural vibration in a way that reduces sound radiation at some desired far-field regions.
III. OPTIMAL SOUND RADIATION CONTROL WITH SPATIAL FILTERING
Consider primary disturbances d at frequency ω o , that generate vibration on a structure. The velocity levels v at N structural sensors attached can be found from
where w are the control signals, and G ji represents the transfer matrix from i to j. The spatial signals from (11), omitting (jω o ) term, are
where the condensed spatial filteringΠ has been used here, instead of Π. Using a quadratic minimisation approach [17] , the mini-
where the optimal control input w opt is
IV. NUMERICAL STUDIES: SOUND RADIATION CONTROL OF A PLATE
This section describes how the proposed method can be used for optimal control of structural sound radiation. For this purpose, a simply-supported rectangular plate was used since there exists an analytical solution for the far-field sound radiation [18] , so the sound pressure estimation can be readily compared. The plate's size is 800 mm×600 mm× 4 mm with N velocity sensors attached across the plate as illustrated in Fig. 3 (see Table I for properties of the plate). Here, N = 25 is used with point forces as the primary disturbance and control sources. The modal analysis method is used for modelling of the plate [19] , considering the first 24 modes, up to 800 Hz. Table II lists the first 4 resonance frequencies of the plate.
In this study, the spatial interpolation functions used are linear functions where rectangular elements are utilised. The size of each element is h
y , with l = 4 velocity sensors (at all corners of the element) are used as the nodes (see Fig. 3 ). The coordinates of each element are x (m) and 
where To demonstrate the control performance in reducing the spatially weighted sound radiation in the far-field, the following numerical studies are performed.
In the first numerical study, point forces are used for a primary disturbance source and two secondary (control) sources whose locations are (0.229m, 0.214m) and (0.308m, 0.429m), (0.570m, 0.130m) respectively. Fig. 4 depicts the spatial weighting q(θ, φ) used which reflects (θ, φ) regions that are of importance. The objective is to minimise the sound radiated from the vibrating structure, giving more emphasis to the regions that have larger weights.
A condensation procedure is used to reduce the size of the spatial signal since the original size of the signal would require 25 control input channels. The 8 largest eigenvalues of P are plotted in Fig. 5 . The figure shows that the eigenvalues vary significantly and it is thus reasonable to consider only several dominant eigenvalues. It was decided to use the 4 largest eigenvalues to generate a condensed spatial signal, which results in 4 control input channels. Fig. 6 shows the sound pressure profile at r = 10 m for control at the resonance frequency of mode (1, 2), i.e. 121.6 Hz. The spatial sound radiation profile of uncontrolled system is shown in Fig. 6(a) . Figs. 6(b) and (c) compare the spatial control performances using 1 and 2 control sources respectively. It is clear that the spatial control attempts to reduce the sound radiation more in the (θ, φ) region of interest as reflected by the spatial weighting in Fig. 4 .
The second numerical study concentrates on the control at the resonance frequency of mode (3, 1) (161.5 Hz), using the same spatial weighting (Fig. 4) . The simulation results in Fig. 7 demonstrate the effect of spatial control in reducing sound radiation at the specific angular (θ, φ) region, although reduction is also achieved at other less-weighted regions. Figs. 7(b) and (c) clearly compare the effect of adding control sources to the control performance. When 2 control sources are used, the controller attempts to reduce sound pressure at the heavily-weighted (θ, φ) region more, at the expense of increasing sound pressure at other regions. This is expected since the spatial control gives more emphasis to reducing the sound radiation in the regions that are more heavily weighted.
V. CONCLUSIONS A spatial control method for controlling structural sound radiation using multiple structural sensors has been proposed. The sound radiation at far-field was estimated from the velocity profile of a vibrating arbitrary structure and a spatially weighted cost function was incorporated in the sensing procedure. Spatial signals representing the spatially weighted sound radiation in the far-field can be used as error signals that need to be minimised by standard active control algorithms. Numerical studies on a simply-supported plate described the benefit of the proposed method in controlling sound radiation at some regions in the far-field. 
